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Abstract. We present a new approach to cyclic homology that does not involve Connes' differ- 
ential and is based on (f2"A)[u],d + u ■ ia, a noncommutative equivariant de Rham complex of an 
associative algebra A. Here d is the Karoubi-de Rham differential, which replaces the Connes dif- 
ferential, and ja is an operation analogous to contraction with a vector field. As a byproduct, we 
give a simple explicit construction of the Gauss-Manin connection, introduced earlier by E. Getzler, 
on the relative cyclic homology of a flat family of associative algebras over a central base ring. 

We introduce and study free-product deformations of an associative algebra, a new type of defor- 
mation over a not necessarily commutative base ring. Natural examples of free-product deformations 
arise from preprojective algebras and group algebras for compact surface groups. 
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1. Introduction 

Throughout, we fix a field k of characteristic and write ® = <8>k. By an algebra we always mean 
an associative unital k-algebra, unless explicitly stated otherwise. Given an algebra A, we view the 
space A ® A as an ^4-bimodule with respect to the outer bimodule structure, which is defined by 
the formula 6(a' <8> a")c := (6a') (a"c), for any a', a" , b,c £ A. 

1.1. It is well-known that a regular vector field on a smooth affine algebraic variety X is the same 
thing as a derivation h[X] — > k.[X] of the coordinate ring of X. Thus, derivations of a commutative 
algebra A play the role of vector fields. 

It has been commonly accepted until recently that this point of view applies to noncommuta- 
tive algebras A as well. A first indication towards a different point of view was a discovery by 
Crawley-Boevey [CB] that, for a smooth affine curve X with coordinate ring A = h[X], the alge- 
bra of differential operators on X can be constructed by means of double derivations A — > A® A, 
rather than ordinary derivations A — > A. Since then, the significance of double derivations in 
noncommutative geometry was explored further in [VdB] and [CBEGJ. 

To explain the role of double derivations in more detail we first recall some basic definitions. 

1.2. Let B be any algebra and N a B-bimodule. Recall that a k-linear map / : B — > N is said 
to be a derivation of B with coefficients in N if /(6162) = /(^i)^2 + 61/(62), V61, 62 € B. Given a 
subalgebra R C B, we let DeiFt(B,N) denote the space of relative derivations of B with respect to 
the subalgebra R, that is, of derivations B — > N that annihilate the subalgebra R. 
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Definition 1.2.1. Given t € B, a Ik-linear map / : B — > is called a t-derivation if 

/(1) = and f(b v t-b 2 ) = f{b 1 )-t-b 2 + b 1 -t-f(b 2 ), Vb u b 2 €B. (1.2.2) 

We can view a t-derivation as a derivation f : B ^ N, where -B is equipped with a new non-unital 
algebra structure given by a°b := a ■ t ■ b, and AT similarly has the modified bimodule structure 
b°n = b ■ t ■ n and n°b = n • t • b. It follows, in particular, that the space of t-derivations B — » B 
is a Lie algebra with respect to the commutator bracket. One may prove by induction on n that 
f(t n ) = 0, Vn = 1,2, Note that a t-derivation need not be a derivation, in general. 

Recall that a free product of two algebras A and B, is an associative algebra A* B that con- 
tains A and B as subalgebras and whose elements are formal Ik-linear combinations of words 
aibia 2 b 2 ■ ■ ■ a n b n , for any n > 1 and ai, . . . , a n E A, b\, . . . ,b n G -B. These words are taken up 
to equivalence imposed by the relation 1,4 = 1b', for instance, we have . . . bl^b' ... = ... blsb' . . . = 
. . . (b ■ b') . . ., for any b,b' G B. 

We are interested in the special case where B = k[t], a polynomial algebra in one variable. 

Lemma 1.2.3. For any A * k[t]- bimodule M , we have 

(i) Restriction to the subalgebra A C A * k[t] provides a vector space isomorphism 

( t-derivations 1 Fi->f:=F\A f ^,\\ ne3X maps f. A-+M 1 

\F: A*k[t]^M J ~ \ such that /(1)=0 J 

(ii) The isomorphism in (i) restricts to a bijection: Der^M^ *k[t], M) A Derik(74,M). 

Proof. It is clear that the assignment F i-> / := gives an injective map from the set of t- 
derivations F : A * k[t] — » M to the set of k-linear maps / : A — > M such that /(l) = 0. We 
construct a map in the opposite direction by assigning to any k-linear map / : A — » M such that 
/(l) = a map ft'-A* k[t] — > M, given, for any ai, . . . ,a n G A, by the following Leibniz-type 
formula: 

En 
a\t . . .a k _it f(a k )ta k+ it . . .ta n . (1.2.4) 
k=l 

One verifies that the map ft thus defined satisfies (jl.2.2p . It is immediate to check that the maps 
F t — > F\a and / i— ► ft are inverse to each other. This proves (i). Part (ii) is straightforward and is 
left to the reader. □ 

Notation 1.2.5. We write ft for the t-derivation (jl.2.4p that corresponds to a k-linear map / : A — > 
M under the inverse to the isomorphism of Lemma ll.2.3( i) . 

We will use simplified notation At := A* k[t] and let Af = Aft- At be the two-sided ideal of the 
algebra A t generated by t. Furthermore, let Devt(A t ) := Der k [ 4 ](A * k[t], A * k[t]) denote the Lie 
algebra of derivations of the algebra A * k[t] relative to the subalgebra k[t]. 

1.3. Derivations vs double derivations. Recall that derivations of an algebra A may be viewed 
as 'infinitesimal automorphisms'. Specifically, let A[t] = A(g)k[t] be the polynomial ring in one 
variable with coefficients in A. Thus, A[t] is a k[t]-algebra and, for any k-linear map £ : A — > A, the 
assignment A — > A[t], a i— > t ■ £(a) can be uniquely extended to a k[t]-linear map t£ : A[t] — > A[t]. 
A well-known elementary calculation yields 

Lemma 1.3.1. The following properties of a k-linear map £ : A — > A are equivalent: 

• The map £ is a derivation of the algebra A; 

• The map t£ is a derivation of the algebra A[t] relative to the subalgebra k[t]; 

• The map Id + t£ : A[t]/t 2 -A[t] — > yl[t]/t 2 -A[t] is an algebra automorphism. 

All the above holds true, of course, no matter whether the algebra A is commutative or not. 
Yet, the element t, the formal parameter, is by definition a central element of the algebra A[t]. 
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In noncommutative geometry, the assumption that the formal parameter t be central is not quite 
natural, however. Thus, we are led to consider a free product algebra At = A*h[t], freely generated 
by A and an indeterminate t. 

We are going to argue that, once the polynomial algebra A[t] is replaced by the algebra At, 
it becomes more natural to replace derivations A — > A by double derivations, i.e., by derivations 
A — ► A® A where A® A is viewed as an A-bimodule with respect to the outer bimodule structure. 
To see this, observe that there are natural A-bimodule isomorphisms, cf. Notation 11.2.51 

A t /Af ^ A, and A t /(A+) 2 ^>ie (A® A), a + a'ta" i — >a® (aW)- (1-3.2) 

Let : A — > AtgA be a k-linear map. We will use symbolic Sweedler notation to write this map 
as a i— ► B'(a) £5 ©"(a), where we systematically suppress the summation symbol. We observe that 
the assignment a i— > Q'(a) t 0"(a) gives a map A — > A^. Assuming, in addition, that 0(1) = 0, we 
let 0j : At — > At be the associated t-derivation, see Notation 11.2.51 and Lemma ll.2.31 

Now, a free product analogue of Lemma 11.3.11 reads 

Lemma 1.3.3. The following properties of a k-linear map : A — > A®A are equivalent: 

• T/ie map is a double derivation; 

• The map ©t is a derivation of the algebra At relative to the subalgebra k[t]; 

• TTte map Id + Q t : A t /(Af) 2 — > A t /(Af) 2 is an algebra automorphism. 

We see that, in noncommutative geometry, the algebra At should play the role of the polynomial 
algebra A[t]. Some aspects of this philosophy will be discussed further in subsequent sections. 

1.4. Layout of the paper. In $21 we recall the definition of the DG algebra of noncommutative 
differential forms |Conl ICC] . following |CQ1|, and that of the Karoubi-de Rham complex, cf. [KarJ. 
We also introduce an extended Karoubi-de Rham complex, that will play a crucial role later. In $3j 
we develop the basics of noncommutative calculus involving the action of double derivations on the 
extended Karoubi-de Rham complex, via Lie derivative and contraction operations. 

In §4, we state three main results of the paper. The first two, Theorem 14.1.11 and Theorem 14.2.21 
provide a description, in terms of the Karoubi-de Rham complex, of the Hochschild homology of an 
algebra A and of the cyclic homology of A, respectively. The third result, Theorem 14.3.11 gives a 
formula for the Gauss-Manin connection on periodic cyclic homology of a family of algebras, [Gej . 
in a way that avoids complicated formulas and resembles equivariant cohomology. These results 
are proved in £j5l using properties of the Karoubi operator and the harmonic decomposition of 
noncommutative differential forms introduced by Cuntz and Quillen, |CQ1[ [CQ2|. 

In £j6j we establish a connection between cyclic homology and equivariant cohomology via the 
representation functor. More precisely, we give a homomorphism from our noncommutative equi- 
variant de Rham complex (which extends the complex used to compute cyclic homology) to the 
equivariant de Rham complex computing equivariant cohomology of the representation variety. 

In we introduce a new notion of free product deformation over a not necessarily commutative 
base. We extend classic results of Gerstenhaber concerning deformations of an associative algebra 
A to our new setting of free product deformations. To this end, we consider a double-graded 
Hochschild complex ( © Pi fe>2 C P (A, A® k ), b) . We define a new associative product f,g<-^f\/gon 
that complex, and study Maurer-Cartan equations of the form b(/3) + V = 0. 

1.5. Acknowledgements. We thank Yan Soibelman, Boris Tsygan, and Michel Van den Bergh for useful 
comments. The first author was partially supported by the NSF grant DMS-0303465 and CRDF grant 
RM1-2545-MO-03. The second author was partially supported by an NSF GRF. 
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2. Extended Karoubi-de Rham complex 



2.1. The commutator quotient. Let B = ®^iB k be a Z-graded algebra and M = (BkezM h 
a Z-graded B-bimodule. For a homogeneous element u E B k , we write |uj = k. A linear map 
/ : B' — > M' +n is said to be a degree n graded derivation if, for any homogeneous u,v E B, we have 
f( uv ) = f{ u ) ■ v + (-l) n Hu • f(v). Let Bex n (B, M) denote the vector space of degree n graded 
derivations. The direct sum Der'i? := © ngZ Der n (£>, B), of graded derivations of the algebra B, 
has a natural Lie super- algebra structure given by the super-commutator. 

We write [B,B] for the super-commutator space of a graded algebra B, the k-linear span of 
the set {uv — (—l) pq vu \ u E B p ,v E B q , p,q E Z}. This is a graded subspace of B, and we 
may consider the commutator quotient space B cyc := B/[B,B], equipped with induced grading 
-E?cyc = 0fcez-E?cyc- Any degree n graded derivation / : B' — > £>' +n descends to a well-defined linear 
map of graded vector spaces f cyc : B' cyc — > B^J 1 . 

We will also use the free product construction for graded algebras. Given a graded algebra B, 
the algebra -Bj = l?*k[i] acquires a natural grading B' t = ®ke%B+, that agrees with the one on the 
subalgebra B C B t and is such that degt = 2. 

There is a graded analogue of Lemma [1.2.31 Namely, given a graded -Bj-bimodule M' = (BkezM k 
and a k-linear map f : B' —* M' +n such that /(l) = 0, we introduce a degree n derivation 
/t : B' t — > M' +n defined, for any homogeneous elements u±, . . . , u n E B, by the formula 

f t ( Ul tu 2 t...t u r ) = V" (-l)"(l"il+-+K-d) . Ul t . . . Ufc _ x t 4 n i . . . t Ur . (2.1.1) 
* — 'fc=i 

Given an algebra ^4 and an j4-bimodule iV, let 7a iV = © n >o T^N be the tensor algebra of N 
over A Thus, T^N is a graded associative algebra with T9iV = A 



2.2. Noncommutative differential forms. Fix an algebra B and a subalgebra R C B. Let 
iljji? := Ker(m) be the kernel of the multiplication map m : B® R B — > 5, and write &a : ^#7? ^ 
7? (g)^ 7? for the tautological imbedding. Thus, Q l R B is a 7?-bimodule, called the bimodule of 
noncommutative 1-forms on the algebra B relative to the subalgebra R, and we have a short exact 
sequence of 7?-bimodules, see |CQ1[ §2], 

— ► n R B ^ B® R B B — ► 0. (2.2.1) 

The assignment 6 i— > db := l<8)fe — 6<8>1 gives a canonical derivation d : B — > f^T?. This derivation 
is 'universal' in the sense that, for any 7?-bimodule M, we have a bijection 

Der R (B, M) ^ Hom B _ bimod (f^7?, M), h- (2.2.2) 

where ig : ^}j7? — > M stands for a 7?-bimodule map defined by the formula ie(udv) := u • 9{v). 

The tensor algebra Sl^T? := T' B (Qr R B) of the B-bimodule £l l R B is a DG algebra, (ft' R B,d), 
called the algebra of noncommutative differential forms on B relative to the subalgebra R (we will 
interchangeably use the notation £l R B or £l' R B depending on whether we want to emphasize the 
grading or not). For each n > 1, there is a standard isomorphism of left 7?-modules, see |CQ1| , 
Q R B = B® R T R (B/R); usually, one writes bo dbi db 2 ■ ■ ■ db n E Q R B for the n-form corresponding to 
an element foo®(fri® ■ • • ®b n ) E B ® R T R (B/R) under this isomorphism. The de Rham differential 
d : n R B -» tt'^B is given by the formula d : bo db\ db 2 ■ ■ ■ db n i— * dbo dbi db 2 ■ ■ ■ db n . 

Following Karoubi [Karj , we define the (relative) noncommutative de Rham complex of B as 

br r b : = (n R B) cyc = n R B/[n R B,n R B], 

the super-commutator quotient of the graded algebra Q' R B. The space DH R B comes equipped with 
a natural grading and with de Rham differential d : DK' R B — > DR^^i?, induced from the one on 
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Q'rB. In degree zero, we have DR^-B = B/[B,B], where [B,B] C B is the subspace spanned by 
ordinary commutators. 

In the 'absolute' case R = k we will use unadorned notation Der(£>, N) := T)ei k (B, N), Vl n B := 
^B, BRB := BR k B, TN := T k N, etc. 

We are going to introduce an enlargement of the noncommutative de Rham complex as follows. 
Fix an algebra A and put a grading on A® 2 © $l l A by assigning the direct summand &}A grade 
degree 1 and the direct summand A® 2 grade degree 2. 

Lemma 2.2.3. There are natural graded algebra isomorphisms 

n m {A t ) * {QA)*k[t] * T A (A m © &A). (2.2.4) 

The differential d on (A*) goes under the first isomorphism to d%, the induced graded derivation 
on (HA) * k[t] given by (|2.1.1|) . 

Proof. Observe first that, for any algebra R, we have a natural DG algebra isomorphism Q(A*R) = 
(flA) * (£IR). Since £Ir(A*R) is a quotient of the algebra Q(A*R) by the two-sided ideal generated 
by the space dR C ^R C SI 1 (A * R), the isomorphism above induces a DG algebra isomorphism 

n R (A *R)^ (04) * R. 

In the special case where R = k[t], this gives the first isomorphism of the lemma. 

To prove the second isomorphism in (|2.2,4p . fix an ^4-bimodule M. View A® 2 © M as an A- 
bimodule. The assignment (a'©a") © m i— » a'ta" + m clearly gives an A-bimodule map A® 2 © M — > 
(T^M)t. This map can be extended, by the universal property of the tensor algebra, to an algebra 
morphism Ta{A® 2 © M) — ► (T A M)t. To show that this morphism is an isomorphism, we explicitly 
construct an inverse map as follows. 

We start with a natural algebra imbedding / : T A M T A (A® 2 © M), induced by the A- 
bimodule imbedding M = © M A® 2 © M. Then, by the universal property of free products, 
we can (uniquely) extend the map / to an algebra homomorphism (T A M)t = (T A M) * k[t] — > 
T A {A® 2 © M) by sending i i-> 1 A ®1 A £ A® 2 C Tj(A 02 © M). It is straightforward to check that 
the resulting homomorphism is indeed an inverse of the homomorphism in the opposite direction 
constructed earlier. 

Applying the above in the special case M = Q l A yields the second isomorphism of the lemma. □ 

For the DG algebra of noncommutative differential forms on the algebra A * k[t] relative to the 
subalgebra k[t], we introduce the special notation Q t A := £l k [ t ](A t ). The extended de Rham complex 
of A is defined as a super-commutator quotient 

DRtA := BR k[t] (A t ) = (fi k[t] (A t ))«yc = ((^)t)cyc- 

2.3. Gradings. Any (non-graded) algebra may be regarded as a graded algebra concentrated in 
degree zero. Thus, for an algebra B without grading we have the subspace [B, B] C B spanned by 
ordinary commutators, and the corresponding commutator quotient space B cyc = B/[B,B]. 

In the above situation, the free product Bt = ffifc>o B 2k is an ei>en-graded algebra with the 
grading that counts twice the number of occurrences of the variable t. For the corresponding 
commutator quotient, we get (S t ') cyc = ffifc>o (B^) cyc ; in particular, (Bf) cyc = B cyc = B/[B,B]. 
Furthermore, for any n > 1, the space (B 2n ) cyc is spanned by cyclic words Uitu^t . . .tu n t, where 
cyclic means that, for instance, U\tu2tu^t = tu^tu\tu2 (modulo commutators). In particular, 
we obtain an isomorphism (B 2 ^ cyc = B. 

More generally, the assignment u\tuit ■ ■ - tu n \— > ui©U2© . . . ®u n yields, for any (non-graded) 
algebra B, natural vector space isomorphisms 

B 2n^ B ®n and ( B 2n) cyc ^ B ®(n-l) ) V n = 1, 2, . . . . (2.3.1) 
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Here and elsewhere, given a vector space V, we let the group Z/nZ act on V® n = T n V by cyclic 
permutations and write 

V®£ := V® n /(Z/nZ). (2.3.2) 

Next, for each integer k, let Der 2fc (B t ) := Derjj^ (B t , B t ) be the space of graded derivations 

B' t -> B' t +2k , relative to the subalgebra k[t] C B t . Thus, Der t (B t ) = e fcG z Der 2fc (B t ) is a graded 
Lie super-algebra. 

It is clear that, for any derivation 9 : B — > B, the derivation ^ : Bt — > Bt has degree zero, i.e., 
we have 0j € Der^(Bt). On the other hand, for any double derivation G BerB, the derivation 
Qt : B t — > B t has degree 2, i.e., we have @ t G Derf (Bt). It is easy to check, using a graded version 
of Lemma ll.2.3| that converse statements are also true, and we have: 

Der t °(Bi) = {6 t \ 9 G DerB}, and Der t 2 (B t ) = {G t | G Ber B}. (2.3.3) 

Now, fix an algebra A. We observe that the algebra £ltA = Q^i^t) comes equipped with a 
natural 6f-grading QtA = (B P: q>o 0, 2p ' q A, where the even p-grading is induced from the one on At, 
and the (/-component corresponds to the grading induced by the natural one on Q,' A. It is easy 
to see that the p-grading corresponds, under the isomorphism (|2.2.4p to the grading on (QA) * k[t] 
that counts twice the number of occurrences of the variable t. For example, for any a G U k A and 
(5 G Q e A , the element at fit £ (SIA) * k[t] has bidegree (2p = 4, q = k + 1) . 

The bigrading on £ltA clearly descends to a bigrading on the extended de Rham complex of A. 
The de Rham differential has bidegree (0, 1): 

DR t A = Pj(? DR 2p ' 9 A d: DR* P 'M -> DR 2p ' 9+1 A 

Furthermore, use the identification (|2.3.1|) for B := QA, and equip (£l'A)® p with the tensor 
product grading that counts the total degree of differential forms involved, e.g., given G Q ki A, i = 

1. . . . ,p, for a := a\0 ■ ■ ■ 0a p G (QA)fy C , we put dega := k\ + . . . + k p . Then, we get 

2 „ „ fDRM ifp = 0; . . 

DR 2p ' q A = { v«d (2.3.4) 

I degree q component of (Q'A) C y C if p > 1. 

3. NONCOMMUTATIVE CALCULUS 

3.1. Fix an algebra B and a subalgebra R C B. Any derivation # G Der# B gives rise, naturally, to 
a Lie derivative map Lq : £l' R B — > £l' R B, and also to a contraction (with 0) map z$ ; Q' R B — > Q R ^B. 
The map Lq is a degree zero derivation of the graded algebra £l' R B. It is defined on 1-forms 
by the formula Lq{u6v) = (9(u))dv + ud(9(v)), and then is extended uniquely to a derivation 
Lq : ft'ftB — > Q'rB. The contraction map ig is a degree —1 graded derivation. It is defined on 
1-forms by the formula following (|2.2,2p and is extended to a map O" B — > fT _1 B as a graded- 
derivation. The maps Lg and both descend to well-defined operations on the de Rham complex 
DR R B = (n R B-) cyc . 

Now, let A be an algebra and 9 G Der^L a derivation. On one hand, applying Lemma ll,2.3f ii) 
to the derivation Lq : Q'A — > Cl'A yields a derivation (Lg)t : (£lA)t — > (f2^4)t. On the other hand, 
we may first extend 9 to a derivation #t : At — > vlj, and then consider the Lie derivative L# t , a 
derivation of the algebra f^w (.At) = SljA, of bidegree (0,0). Very similarly, we also have graded 
derivations, (io)t and ig t , of bidegree (0, —1). 

It is immediate to see that the two procedures above agree with each other in the sense that, 
under the identification J\^(At) = (flA)t provided by (I2.2.4|) . we have 

Lg t = (L e ) t , and ig t = (i e ) t . (3.1.1) 
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3.2. Lie derivative and contraction for double derivations. Write Der A := Der(A, A® A) for 
the vector space of double derivations A — > A® A. Double derivations do not give rise to natural 
operations on the DG algebra Vt'A. Instead, we have 

Proposition 3.2.1. Any double derivation Q E Der A gives a canonical Lie derivative operation, 
Lq, and a contraction operation, i&, on the extended DG algebra Q' t A. 

Proof. We observe that the left-hand sides of equations (|3.1.1jl still make sense for double deriva- 
tions. In more detail, given G E Der A, we first extend it to a free product derivation Q t : A t — > At, 
as in §1.31 Hence, we have associated Lie derivative, LQ t , and contraction, ie t , operations on the 
complex Ofcw(ylt), of relative differential forms on the algebra At- Thus, we may use (]2.3.ip to 
interpret Lq ± and i@ t as operations on CltA, to be denoted by Lq and ie, respectively. □ 

Corollary 3.2.2. Any double derivation G E BerA gives rise canonically to a degree double 
derivation Le E Der (114), and a degree — 1 graded double derivation iq € Der -1 (114). 

Proof. Fix Q E 3erA and keep the notation of the proof of Proposition 13.2.11 Observe that the 
operations L® t and ie t , viewed as maps (ClA)t — > (£lA) t , are both graded derivations of degree 2 
with respect to the grading that counts (twice) the number of occurrences of t (and disregards the 
degrees of differential forms). Hence, applying Lemma [2.3.31 we conclude that there exists a unique 
double derivation Le : fL4 — > (fL4)(g>(fL4) such that, for the corresponding map (£lA)t — > (fL4)t, 
we have Le t = (^e)t, cf. (|3.1.ip . 

Similarly, we may use an analogue of Lemma 12.3.31 for graded-derivations, and apply the above 
argument to the contraction operation. This way, the equation (ie)t = i& t uniquely defines an 
A-bimodule map i e : Sl n A -» 1<A .< n n k ~ x A ® n n ~ k A, n = 1,2,.... Explicitly, we find that 
ie : QA — > (p,A)<S)(D,A) is an odd double derivation given, for any a%, . . . ,a n E $lb4, by the 
formula 

i : aia 2 ...a n \ — ► ^ (-l)^ 1 . . . a k ^ (i @ a k )®(i e a k ) a k+1 . . . a n . (3.2.3) 

l<fc<n 

In the special case n = 1, formula (|3.2.3p gives the map JIM — ► A® A, a i— > i@a = (i'@a)(Si(i@a), 
that corresponds to the derivation G E Berj4 via the canonical bijection (|2,2.2p . □ 

Both the Lie derivative and contraction operations on VtfA descend to the commutator quotient. 
This way, we obtain the Lie derivative Lq and the contraction ie on DR^A, the extended de Rham 
complex. Explicitly, using isomorphisms (12.3.41) , we can write the Lie derivative Lq and contraction 
ie as chains of maps of the form 

DRA -^QA^ (04)? y 2 c (rtA)%l — . . . . (3.2.4) 

There are some standard identities involving the Lie derivative and contraction operations asso- 
ciated with ordinary derivations A — > A. Similarly, for any G either in Ber^4 or in Derj4, the Lie 
derivative and contraction operations on JljA resulting from Proposition 13.2.11 satisfy: 

Lq = d°ie + ie°d, ie°i$ + i$°ie = 0> i§°ie + = 0, V<1> E B>eicA, £ E Der A (3.2.5) 

It follows, in particular, that the Lie derivative Lq commutes with the de Rham differential d. 

To prove (|3.2.5p . one first verifies these identities on the generators of the algebra f^yl = (fL4)t, 
that is, on differential forms of degrees and 1, which is a simple computation. The general case 
then follows by observing that any commutation relation between (graded)-derivations that holds 
on generators of the algebra holds true for all elements of the algebra. 

It is immediate that the induced operations on DR^A also satisfy (]3.2,5p . 
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3.3. Reduced Lie derivative and contraction. Recall that the extended de Rham complex 
DRjyl has a natural bigrading ( §2.3p . The second component (the ^-component) of that bigrading 
induces a grading on each of the spaces (UA)^ C , k = 1,2,..., appearing in (|3.2.4p . 

Fix E Ber A. It is clear from definitions that the maps L@ and iq in (13.2. ip are graded 
derivations of bidegrees (2,0) and (2,-1), respectively. We conclude that, in the Lie derivative 
case, all maps in the corresponding chain (|3,2.4p preserve the ^-grading while, in the contraction 
case, all maps in the corresponding chain (|3,2.4p decrease the ^-grading by one. 

The leftmost map in (|3.2,4p , to be denoted i® in the contraction case and Jz?e i n the Lie derivative 
case, will be especially important for us. These maps, to be called reduced contraction and reduced 
Lie derivative, respectively, have the form 

i e : DR'A — ► W^A, and Jzf e : DR' A — ► WA. (3.3.1) 

Explicitly, we see from (|3.2.3j) that the operation iq, for instance, is given, for any a>i, ■ ■ ■ , a n G 
Q 1 A, by the following formula: 

n 

ie( ai a 2 ...a n ) = Y^{-l) {k ~ X){ - n ~ k+1) ■ (i'ea k )-a k+1 ...a n a x ... a fe _! • (i' a k ). (3.3.2) 

k=l 

An ad hoc definition of the maps in (|3,3.ip via explicit formulas like (|3.3.2p was first given 
in [CBEG] . Proving the commutation relations (|3.2.5|) using explicit formulas is, however, very 
painful; this was carried out in [CBEG] by rather long brute-force computations. Our present 
approach based on the free product construction yields the commutation relations for free. 

3.4. The derivation A. There is a distinguished double derivation 

A: A^A® A, a i-> \®a - a®l. 

The corresponding contraction map i& : Q}A — > A ® A is the tautological imbedding (|2.2.ip . 
Furthermore, the derivation At : At — > At associated with A by formula (I1.2.4P equals adi : u i— > 
t ■ u — u ■ t. Hence, the Lie derivative map La : — > Sl^ A reads u i— > adi(u>) := t ■ lo — u ■ t. 

Lemma 3.4.1. (i) For any ao,oi, ■ ■ ■ ,a n E A, we have 

iA(aoda 1 . . . da n ) = ^ (-l) fc -ad a k (da k +i ■ ■ ■ da n a dai . . . da k -i). 

l<k<n 

(ii) In O' A, we have i&°d + d°iA = and d 2 = («a) 2 = 0; similar equations also hold in DR' t A, 
with i a in place of ij\ . 

Proof. Part (i) is verified by a straightforward computation based on formula (|3.2.3p . We claim 
next that, in f^A, we have La = &di. Indeed, it suffices to check this equality on the generators 
of the algebra f^. It is clear that L/^it) = = adt(t), and it is easy to see that both derivations 
agree on 0-forms and on 1-forms. This proves the claim. Part (ii) of the lemma now follows by the 
Cartan formula on the left of (|3.2.5p . since the equation La = adt clearly implies that the map 
La : DR^-A — * DRjA, as well as the map J2?A) vanish. □ 

For any algebra A, let A T := A* k[r] be a graded algebra such that A is placed in degree zero 
and r is an odd variable placed in degree 1. Let ^ be a degree —1 derivation of the algebra A T that 
annihilates A and is such that Jp(t) = 1. Similarly, let t 2 be a degree +1 graded derivation of 
the algebra A T that annihilates A and is such t 2 -^(t) = r 2 . For any homogeneous element x & A T , 
put adr(x) := tx — (—iy x W; in particular, one finds that adr(r) = 2r 2 . 

It is easy to check that each of the derivations -4-, t 2 -^, and adr — r 2 ^ squares to zero. 
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Claim 3.4.2. (i) The following assignment gives a graded algebra imbedding: 

j : Cl t A j4*k[r], 1 1— ► r 2 , ao dai . . . da n i— ► oo-[t, ai]«. . .-[r, o^], 

Moreover, the above map intertwines the contraction operation wfft i/ie differential t 2 ^, and 
the Karoubi-de Rham differential d wii/i t/ie differential adr — t 2 -4. 

(ii) XYie image of the map j is annihilated by the derivation 4-. 

(iii) The complex ((A T ) cyc , 4=) computes cyclic homology of the algebra A. □ 
We will neither use nor prove this result; cf. |CQ1[ Proposition 1.4] and [KSl §4.1 and Lemma 4.2.1]. 

4. Applications to Hochschild and cyclic homology 

4.1. Hochschild homology. Given an algebra A and an A-bimodule M, we let Hk(A, M) denote 
the fc-th Hochschild homology group of A with coefficients in M. Also, write [A, M] C M for the 
k- linear span of the set {am — ma \ a E A, m € M}. Thus, we have Hq(A, M) = M/[A, M]. 

We extend some ideas of Cuntz and Quillen |CQ2| to obtain our first important result. 

Theorem 4.1.1. For any unital k-algebra A, there is a natural graded space isomorphism 

H.(A,A) = Ker[* A : DR'A Q'^A]. 

To put Theorem 14 . 1 . 1 1 in context, recall that Cuntz and Quillen used noncommutative differential 
forms to compute Hochschild homology. Specifically, following |CQ1| and |CQ2| , consider a complex 

. . . — — > Q 2 A — — > Q l A — — > Q°A — > 0. Here, b is the Hochschild differential given by the formula 

b:adai — ► (-l) n -[a,a), Va € A/k, a £ n n A, n > 0. (4.1.2) 

It was shown in |CQ2| that the complex (CI' A, b) can be identified with the standard Hochschild 
chain complex. It follows that H. (CIA, b) = H. (A, A) are the Hochschild homology groups of A. 

As will be explained later (see discussion after Proposition 14.4. 1 [) . Theorem 14.1.11 is an easy 
consequence of Proposition 14.4.11 the latter proposition will be proved in ^5.11 below. 

Remark 4.1.3. A somewhat more geometric interpretation of Theorem 14.1. 11 from the point of view 
of representation functors, is provided by the map ()6.2.6[) : see Theorem 16.2.51 of Jj6] below. 

4.2. Cyclic homology. We recall some standard definitions, following [Lot ch. 2 and p. 162]. For 
any graded vector space M = ®i>oM l , we introduce a Z-graded k[t, £ -1 ]-module 

M&klt,^ 1 ] := (TT v fM n " 2i ), (4.2.1) 

where the grading is such that the space M C M®k[i,t _1 ] has the natural grading, and \t\ := 2. 

Below, we will use a complex of reduced differential forms, defined by setting Q° := Q°A/k = A/k 
and I? := Cl k A, for all k > 0. Let Ti' := fc>o H k . The Hochschild differential induces a k[t,t -1 ]- 
linear differential b : f2cg>k[i, i -1 ] — > f2(g>k[t, £ _1 ] of degree —1. 

We also have Connes' differential B : Q' — > Cl' + , see (Con]. Following Loday and Quillen 
LQ|, we extend it to a k[t, t _1 ]-linear differential on f2<g>k[i, t^ 1 ] of degree +1. It is known that 
B 2 = b 2 = and B o b + b o B = 0. Thus, the map B + t-b : 0(g)k[i, t' 1 } -» U®k[t, t' 1 } gives a degree 
+1 differential on Oig>k[i, t -1 ]. 

Write HP-.(—), where, ' — •' denotes inverting the degrees, for the reduced periodic cyclic ho- 
mology as defined in |LQ| or [Lol §5.1], using a complex with differential of degree —1. Accord- 
ing to |CQ2| , the groups HP-.. (A) turn out to be isomorphic to homology groups of the complex 
(f2<8>k[i, t _1 ], B + t ■ b), with differential of degree +1 (which is why we must invert the degrees). It is 
known that the action of multiplication by t yields periodicity isomorphisms HP. (A) = HP. + 2(A). 
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Thus, we have, up to isomorphism, only the two groups HP evea (A) := HPq(A), and HP dd(A) := 
HP 1 (A). 

Furthermore, we recall the map i& : — » Q'~ 1 A. We compose it with the natural projection 
£l'A — » DR,' A to obtain a map Q'A -> n— X A. The latter map descends to a map f2" — > 17* . 
Furthermore, we may extend this last map, as well as the de Rham differential d : 17* — > Q' +1 , to 
k[i, t _1 ]-linear maps grees —1 and +1, respectively. 

The resulting maps d and za satisfy d 2 = (ia) 2 = and d°?A + iA°d = 0, by Lemma r3-4.in i). 
Thus, the map d + t ■ ia gives a degree +1 differential on J2®k[i, t~ 1 ]. This differential may be 
thought of as some sort of equivariant differential for the 'vector field' A. 

The following theorem, to be proved in £ )5.3I below, is one of the main results of the paper. It 
shows the importance of the reduced contraction map ia for cyclic homology. 

Theorem 4.2.2. The homology of the complex (fi(8>k[i, d + t • ia) is isomorphic to HP-. (A), 
the reduced periodic cyclic homology of A (with inverted degrees). 

Remark 4.2.3 (Hodge filtration). In |Ko[ §1.17], Kontsevich considers a 'Hodge filtration' on periodic 
cyclic homology. In terms of Theorem 14.2.21 the Hodge filtration F^ odgc may be defined as follows: 

• F^ odge iIPeven consists of those classes representable by sums Yli>n * -J 72i> 72i G Q ; 

n-\-— 22+1 

• F Hod | e i?P 0( jd consists of those classes representable by sums i2i>n *~*72i+lj 72i+i € 

4.3. Gauss-Manin connection. It is well-known that, given a smooth family p : 3C — > 5 of 
complex proper schemes over a smooth base S, there is a canonical flat connection on the relative 
algebraic de Rham cohomology groups H' DR {& / 'S), called the Gauss-Manin connection. More 
algebraically, let A be a commutative flat k-algebra over a regular subalgebra B C A. In such 
a case, the relative algebraic de Rham cohomology may be identified with HPP(A), the relative 
periodic cyclic homology; see, e.g., [FT]. The Gauss-Manin connection therefore provides a flat 
connection on the relative periodic cyclic homology. 

In |Ge| . Getzler extended the definition of Gauss-Manin connection to a noncommutative set- 
ting. Specifically, let A be a (not necessarily commutative) associative algebra equipped with a 
central algebra imbedding B = k[xi, . . . , x n ] A. Assuming that A is free as a -B-module, 
Getzler has defined a flat connection on HPP(A). Unfortunately, Getzler 's definition of the con- 
nection involves quite complicated calculations in the Hochschild complex that make it difficult to 
relate his definition with the classical geometric construction of the Gauss-Manin connection on de 
Rham cohomology. Alternative approaches to the definition of Getzler's connection, also based on 
homological algebra, were suggested more recently by Kaledin |Kal| and by Tsygan [T] . 

Below, we propose a new, geometrically transparent approach for the Gauss-Manin connection 
using the construction of cyclic homology from the previous subsection. Unlike earlier constructions, 
our formula for the connection on periodic cyclic homology is identical, essentially, to the classic 
formula for the Gauss-Manin connection in de Rham cohomology, though the objects involved have 
different meanings. 

Our version of Getzler's result reads as follows: 

Theorem 4.3.1. Let B be a commutative algebra. Let A be an associative algebra equipped with a 
central algebra imbedding B A such that the quotient A/B is a free B-module. 
Then, there is a canonical flat connection Vgm on HPP(A). 

Notation 4.3.2. (i) Given an algebra R and a subset J C R, let (J) denote the two-sided ideal in 
R generated by the set J. 

(ii) For a commutative algebra B, we set £l' comm B := A' B (^ omin B), the super-commutative DG 
algebra of differential forms, generated by the .B-module S]J omin B of Kahler differentials. 
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Construction of the Gauss-Manin connection. Given a central algebra imbedding B A, we may 
realize the periodic cyclic homology of A over B as follows. First, we define the following quotient 
DG algebras of (Q'A,d): 

Q B A := n m A/([n'A, STB]), U(A; B) ■.= Q B A/(dB). 

Thus, we have a central DG algebra imbedding Q' comm B <— > induced by the natural imbed- 
ding £1' B £1' A. We introduce the descending filtration F'(Q B A) by powers of the ideal (d-B). 
For the corresponding associated graded algebra, we have a natural surjection 

n'(A) B)® B niomin B ~» § r F «A Va € /3 G !lj omm B. (4.3.3) 

Below, we will also make use of the objects O A and Q(A; B), obtained by killing k C A = Q°A. 
Thus, Q(A; B)<g>k.[t, t^ 1 ] and A(g>k[i, t -1 ] are modules over k[t, t ]. There is a natural descending 
filtration F' on Q A(3h[t, i -1 ] induced by -F'(Q B .A) and such that k[t, is placed in filtration 
degree zero. This filtration is obviously stable under the differential d. It is also stable under 
the differential Ua since the commutators that appear in ti&(u) (see Lemma l3.4.1( i)) vanish, by 
definition of Q B A. Therefore, the map (14.3,3j) induces a morphism of double complexes, equipped 
with the differentials cfesld and tiA^B^d, 

H" (A; B)®k[t, t -1 ] ® B ni omm B -» gfrlfA&kfot- 1 ]. (4.3.4) 

We will show in M5.5I below that the assumptions of Theorem 14.3.11 ensure that the map (|4.3.3[) 
is an isomorphism. 

Assume this for the moment and consider the standard spectral sequence associated with the 
filtration F'(tt A®k.[t, i -1 ])- The first page of this sequence consists of terms gr^(f2 Ad>k[i, i -1 ]). 
Under the above assumption, the LHS of (|4.3.4p . summed over all i, composes the first page of 

the spectral sequence of ^F' (Q, B A<S>h[t, i -1 ]), d + ti&J. Then, for the second page of the spectral 
sequence we get 

E? = H m (U(AiB)®k[t,t- 1 ], d + ti A ) ®b Ji; omm B. 
We now describe the differential V on the second page. Let 

V GM : ff'CfiC^Bj&ktt,*- 1 ]) — » ir(Q(A;£)<g>k[M -1 ]) ®s Oj ommJ B (4.3.5) 

be the restriction of V to degree zero. Then we immediately see that 

V(a®/3) = V GM {a) A /? + a®(d DR /5), (6a) = bV GM {ot) + a®(d DR b), V6 G -B, 

where now d DR is the usual de Rham differential. From these equations, we deduce that the map 
Vqm, from (|4.3.5|) . gives a flat connection on H l (p,(A; B)(&k[t, t" 1 ]) for all i. 

Explicitly, we may describe the connection Vqm & s follows. Suppose that a G £l(A;B) has the 

Q 

property that (d + ti A ){a) = 0. Let a G 0, A be any lift, and consider (d + ti A )(a). This must lie 
in (d-B), and its image in Q(A; B)®BQl omm B is the desired element. 

Remark 4.3.6. In [Gej . Getzler takes B = kflxi, . . . ,x n ], and takes A to be a formal deformation 
over B of an associative algebra Aq. Although such a setting is not formally covered by Theorem 
14.3.11 our construction of the Gauss-Manin connection still applies. 

To explain this, write m C B = k[xi, . . . ,x n J for the augmentation ideal of the formal power 
series without constant term. Let Aq be a k- vector space with a fixed nonzero element 1^, and let 
A = AqI_x\, . . . ,x n J be the .B-module of formal power series with coefficients in Aq. We equip B 
and A with the m-adic topology, and view B as a B-submodule in A via the imbedding b i— > b ■ 1a- 
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Corollary 4.3.7. Let * : A x A — > A be a B-bilinear, continuous associative (not necessarily 
commutative) product that makes \a the unit element. Then, the conclusion of Theorem \4-3. 1\ 
holds for HP. B (A). 

4.4. The Karoubi operator. For any algebra A and an A-bimodule M, we put := M/[A, M] = 
Hq(A, M). Now, let A — > B be an algebra homomorphism. Then, B may be viewed as an A- 
bimodule, and we have a canonical projection B^ = B/[A,B] -» B cyc = B/[B,B]. In particular, 
for B = £l'A, we get a natural projection (SlVi)h — ► which is not an isomorphism, in general. 

Following Cuntz and Quillen |CQ2j, we consider a diagram 

d ^ d d 

n°A &A n 2 A =^= ± 

Here, the de Rham differential d and the Hochschild differential b, defined in (|4.1.2p . are related 
via an important Karoubi operator k : Q,' A — ► £1' A |Kar| . The latter is defined by the formula 
K:ada^(-l) desa daa ifdega>0,and k(o) = a if a € Q°A. By [Karl, |CQl1 , 

b°d + d°b = Id — k. 

It follows that k commutes with both d and b. Furthermore, it is easy to verify, cf. |CQ1| 
and proof of Lemma 14.4.21 below, that the Karoubi operator descends to a well-defined map k : 
(f2 n A)t| — > (Q n A)^, which is essentially a cyclic permutation; specifically, in (£l n A)\^, we have 

K(aia 2 ... a n -i «n ) = (-l) n_1 «n «i «2 • • • «n-i, Vai, . . . , a n € f^A 
Let (— ) K denote taking K-invariants. In particular, write (0,'A)^ := [(fTA)^ C (Q"j4)[,. 

Proposition 4.4.1. For any n > 1, we have an equality 

lA = (l + K + K 2 + ... + ft n_1 )ob as maps tl n A £l n ~ l A. 
Furthermore, the map ia fits into a canonical short exact sequence 

— ► H n (nA, b) — ► DR n A [A, Q^Af — ► 0. 

We recall that the cohomology group H n (QA, b) that occurs in the above displayed short exact 
sequence is isomorphic, as has been mentioned in §4. 1 1 to the Hochschild homology H n (A, A). Thus, 
Theorem 14.1.11 is an immediate consequence of the short exact sequence of the Proposition. 

The following result, which was implicit in |CQ2| and [Lol §2.6], will play an important role in 
$5] below. 

Lemma 4.4.2. (i) The projection (fl'A)^ — > DR*^4 restricts to a bijection (£1' A)!^ A DR'A 

(ii) The map b descends to a map b^ : (Cl'A)^ — > fT _1 A 

(iii) The kernel of the map b^ : (Q'A)F — ► i/ie restriction ofb^ to the space of n-invariants, 
is isomorphic to H n {QA, b). 

Both Proposition 14.4. 1~1 and Lemma 14.4.21 will be proved later, in £ )5.1l 

4.5. Special case: H\{A,A). For 1-forms, the formula of Proposition 1174. II gives ?a = b. Thus, 
using the identification H\(A, A) = ^(Sl'A, b), the short exact sequence of Proposition 14.4. 1~1 reads 

— ► — ► DR 1 ^ h ~ tA > [A, A] — >0. (4.5.1) 

The short exact sequence (I4.5.ip may be obtained in an alternate way as follows. We apply the 
right exact functor {—\ to (|2.2.1I) . The corresponding long exact sequence of Tor-groups reads 

H\(A,A<& A) —> Hx(A, A) (n x A\ -> (A ® A\ AAj->0. 
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Now, by the definition of Tor, Hk{A, A <g> A) = for all k > 0. Also, we have natural identifications 
(Sl l A\ = BR 1 A and (A (8) A\ A. This way, the map c on the right of the displayed formula 
above may be identified with the natural projection A -» A/[A, A]. Thus, Ker(c) = L4,A], and the 
long exact sequence above reduces to the short exact sequence ()4.5.ip . 

It is immediate from definitions that the map b = i& in (|4.5.1[) is given by Quillen's formula 
udv i— > [u,v] CQT] . In particular, we deduce that (DR A) cxac t C Ker(zA) = H\(A,A). 

4.6. An application. An algebra A is said to be connected if the following sequence is exact: 

— ► k — ► DR ^ DR X A (4.6.1) 

Proposition 4.6.2. Let A be a connected algebra such that H2(A,A) = 0. Then, 

• H\(A,A) = (DR 1 A) c i ose d = (DR 1 ^4)exact- 

• There is a natural vector space isomorphism (DR 2 ^4) c i ose< j ^ [A, A], 

Proof. We will freely use the notation of |CBEG1 §4.1]. According to |CBEGl Proposition 4.1.4], 
for any connected algebra A, we have a map fi^ c , a lift of the noncommutative moment map, that 
fits into the following commutative diagram: 

(DR 2 A) closed (4.6.3) 

[A,A]£ ►[A.flM]. 

Assuming that H2(A,A) = 0, we deduce from the short exact sequence of Proposition 14.4. 1~1 for 
n = 2 that the map i<\ : DR 2 ^4 — * [A, ^A] is injective. 

We now exploit diagram (I4.6.3p . Since A is connected, the map d in the bottom row of the 
diagram is injective, by (I4.6.ip . Furthermore, the left vertical map i& in the diagram is surjective 
by (|4.5.ip . Therefore, using the commutativity of (I4.6.3p . we deduce by diagram chase that the 
upper horizontal map d must be surjective, and that the map jl^ c must be bijective. This yields 
both statements of Proposition 14.6.21 □ 

A version of Proposition 14.6.21 applies in the case where A is the path algebra of a quiver with r 
vertices. In that case, we need to consider algebras over a ground ring R := k ffi . . . © k (r copies) 
rather than over the base field k. The corresponding formalism has been worked out in [CBEGj . 

An analogue of Proposition 14.6.21 implies the following result, where [A, Q^A] R stands for the 
the vector space formed by the elements of [A, ^)j^4] which commute with R. 

Corollary 4.6.4. Let A be the path algebra of a quiver. Then, there is a natural vector space 
isomorphism (DR|j^4) c i ose d —> [A, A] . □ 

5. Proofs 

5.1. Proof of Lemma 14.4.21 and Proposition I4.4TT1 Our proof of Lemma l4.4. 21 follows the proof 
of O Lemma 2.6.8]. Write ft™ := Q n A and Q := © n ft™. 

From definitions, we get [A, ft] = bft and [dA, ft] = (Id — Hence, we obtain, cf. |CQ1| : 

[ft, ft] = [A, ft] + [dA, ft] = bft + (Id - k)Q. 

We deduce that = ft/bft, and DR'^4 = ft/[ft,ft] = ft^/(Id — k)^. In particular, since b 2 = 0, 
the map b descends to a well defined map b^ : fth = ft/bft — > ft. 
Further, one has the following standard identities |CQ2[ §2]: 

K n -ld= b°K™od, K™ +1 °d = d holdonft™, Vn = l,2,.... (5.1.1) 
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The Karoubi operator as commutes with b, and hence induces a well-defined endomorphism of 

the vector space fi n /bfi n , n = 1, 2, Furthermore, from the first identity in (|5.1.ip we see that 

as™ = Id on fi"/bfi n . Hence, we have a direct sum decomposition fi^ = (fit|) K (Id — KjQ^. It follows 
that the natural projection fi^ = fi/bfi — » DR'A = fih/(Id — restricts to an isomorphism 
(f2t|) K — > DR'A Parts (ii)-(iii) of Lemma 14.4.21 are clear from the proof of |Lo| . Lemma 2.6.8. □ 

Proof of Proposition \4-4-l\ The first statement of the Proposition is immediate from the formula 
of Lemma l3.4.1f i). To prove the second statement, we exploit the first identity in (I5.1.ip . Using 
the formula for i& and the fact that b commutes with as, we compute that 

(as - 1)«» a = bo (as - 1)«(1 + as + as 2 + ... + k^ 1 ) = b°(/s n - 1) = b 2 °As n °d = 0. (5.1.2) 

Hence, we deduce that the image of «a is contained in (bfi) K . Conversely, given any element 
a = b{(5) e (bfi) K , we find that 

i A (/3) = (1 + as + as 2 + . • • + As n_1 )°b/3 = n ■ b/3 = n- a. 

Thus, we have Iul^a) = (bfi) K = ( L4, fi] ) K , since bfi = [A, fi]. Furthermore, it is clear that the 
two maps (1 + as + as 2 + . . . + as™ -1 ) ° b and b coincide on (fi")?, and hence have the same kernel. 
The exact sequence of the proposition now follows from Lemma 14.4.21 □ 



5.2. Harmonic decomposition. Our proof of Theorem 14.2.21 is an adaptation of the strategy 
used in [CQ2J §2], based on the harmonic decomposition 

Q = pfi P- 1 ^, where PTi := Ker(Id - k) 2 , P^O := Im(Id - k) 2 . (5.2.1) 

The differentials B, b, and d commute with as, hence preserve the harmonic decomposition. More- 
over, the differentials B and d are known to be proportional on Pfi. Specifically, introduce two 
degree preserving linear maps N, N! : fi — > fi, such that, for any n > 0, 

N|^n is multiplication by n, and N!|^n is multiplication by re!. (5.2.2) 

Then, exploiting the second identity in (|5.1.ip . it has been shown in |CQ2, §2, formula (11)] that 



B| pn = (N + l).d| pn . (5.2.3) 

Next, we claim that 

(i)«A|p±n = ' and (H)iA = N-b. (5.2.4) 
To prove (i) we use that b commutes with k. Therefore, applying (|5.1.2p . we find i\ ° (Id — k) 2 = 
(as — 1) °za ° ( K — 1) — 0. To prove (ii), let a € fi™. From the first identity in (|5.1.ip . a — K n (a) £ bfi. 
Hence, ba — At n (ba) € b 2 fi = 0, since b 2 = 0. Thus, the operator as has finite order on bfi, and 
hence on b(Pfi). But, for any operator T of finite order, Ker(Id — T) = Ker((Id — T) 2 ). It follows 
that, if a £ Pfi™, then ba G Ker((Id — as) 2 ) = Ker(Id — as). We conclude that the element ba is fixed 
by as. Hence, (1 + as + as 2 + . . . + as™ -1 ) ° ba = n ■ ba. Therefore, by Proposition 14.4. lj i&(a) = n ■ ba, 
and (I5.2.4p is proved. □ 

5.3. Proof of Theorem 14.2.21 Since the harmonic decomposition is stable under all four differen- 
tials B, b, d, and we may analyze the homology of each of the direct summands, Pfi and P^fi, 
separately. 

First of all, it has been shown by Cuntz and Quillen |CQ2[ , Proposition 4.1(1)] that B = on 
P-Lfi, and moreover that (P fi, b) is acyclic. 

Furthermore, since the complex (fi,d) is acyclic (see |CQ2[ §1] or |CBEG] formula (2.5.1)), we 
deduce that 

Each of the complexes (Pfi,d) and (P ± £l,d) is acyclic. (5.3.1) 
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Now, the map %a vanishes on P O by (|5.2.4p (i). Hence, on P-'-fitgik^, we have d + i-^A = d. 
Therefore, we conclude using (|5.3.1|) that (P^f2[t],d), and hence also (P-'-fifi], d -M-^a)) are acyclic 
complexes. 

Thus, to complete the proof of the theorem, we must compare cohomology of the complexes 
(Pn^k^f^.d + t- ia) and (Pft<g>k[M _1 ],B + t • b). We have N • d + (N + l)" 1 • t ■ ia = B + tb. 
Post-composing this by N! (see flgSgJ) ), we obtain (N!) ■ (d + i • z A ) = (B + i • b) • (N!). We deduce 
the following isomorphism of the complexes which completes the proof of the theorem: 

N! : (Pn®k[t,t -1 ], d + t-i A ) ^ CPn<8>k[M _1 ], B + t-b). □ 

5.4. Negative cyclic homology. It is possible to extend Theorem 14.2.21 to the case of (nonpe- 
riodic) cyclic homology and negative cyclic homology using harmonic decomposition. To explain 
this, put 

(mk[t,t- 1 }) + ■.= e (TT m m ~ 2 *), (n&kfM -1 ])*, : = e (TT esr-*). 

It follows from definitions that cyclic homology and negative cyclic homology, respectively, may 
be defined in terms of the following complexes, cf. [Loj . ch. 2-3: 

HC. = H- (Tl®k[t,t- 1 ]/(Ti®k[t,t- 1 }) + , B+t-b), HC7 = H~' ((n®k[t, t _1 ])> , B+t-b). (5.4.1) 

Furthermore, we introduce two other homology theories, ^HC, ^HC~ . The corresponding ho- 
mology groups are defined as the homology groups of complexes similar to (15.4,lj) . but where the 
differential B + t • b is replaced by d + t ■ i a ■ 

Now, in terms of the projection to the harmonic part, cf. (15.2.1j) . we have 

Proposition 5.4.2. There are natural graded k[t]-module isomorphisms 

P(*HC.) HC. and P^HCT) = HC7 ■ 
Proof. There are natural splittings 

(S2®k[t, t _i J) + {il®k[t,t~ l -\) >0 



These splittings are stable under the differential t ■ b. It follows that P^HC = = P^PC_, since 
B = on P^Q, and the differential t • b is acyclic here. 

Observe further that, while ia is zero on P O, the above splittings do not stabilize d. So, we 
can pick up some nonzero groups P-^i^HC), or P^^HC^). However, restricting to the harmonic 
part, the proof of Theorem 14.2.21 yields an isomorphism of complexes 

(Ppk^rVPMM^D+l, B + t-b) 9* (Pp^k^rVPktM^D+l, d + i-iA), 
and also a similar isomorphism involving (f2<g)k[i, t~ l ]) >0 . O 

5.5. Proof of Theorem 14.3.11 Let B C A and assume that A/B is a free P-module. 

Lemma 5.5.1. Let {a s , s £ =y} be a basis of A/B as a free B-module. Then, the elements below 
form a basis for £l B (A) as a free (P) -module : 

a So da Sl da S2 ---da Sm , da Sl da S2 ■ ■ • da Sm , sj € 5?. (5.5.2) 

Proof. Observe that the short exact sequence B — > A — > A/P splits as a sequence of P-modules, 
since A/P is a free P-module. Hence, the elements 1 and {a s , s G =5^} give a P-module basis of A. 

Let {b r , r E ^} be a k-basis of P including the element 1. Thus, 5^" := & x forms a k-basis 
of A/B, by the assignment (r, s) i— > We will apply the diamond lemma, see e.g., [Ber] . 
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[Sen] §A.2], to show that (f5X2j) is indeed a fl'B-b asis of Vt B A. This is fairly straightforward, but 
requires some formal details. 

We introduce a partial order on the set of monomials in the alphabet da' s , , a s da' s , , s G 3", s' G 3*' 
(with coefficients in Q'B) as follows. We say that a -< (3 for monomials a, (3 in j4,d^4 if either of 
the following alternatives holds: 

(1) a has lower degree than f3, i.e., fewer elements da' s , ; 

(2) a and (3 have equal degrees and the last occurrence of an element from A (rather than dA) 
in a occurs before the last occurrence of an element from A in (3; 

(3) the conditions in (1) and (2) are the same, but the last occurrence of a term da in a where 
a is not a basis element of A/B occurs before the last such occurrence in (3. 

(4) If all of the above conditions are the same, then we order monomials using the lexicographi- 
cal ordering induced by orderings of M, 5^ such that, in 1 comes first, giving = 5? 
itself the lexicographical ordering. 

We now apply the Diamond Lemma for free modules over B [ Ber| . [Schl §A.2]. The reductions, 
i.e., application of relations which lower the order of monomials appearing with nonzero coefficients, 
are of the form 

(da' s ,K, = d(a' s , a' s , ) - a' s ,da' s , , s[, s' 2 G S", (5.5.3) 

and, for each r G 3%,s' G , one of 

d(b r da' s ,) = b r da' s , + (db r )a' s /, or b r da' s , = d(b r d s ,) — (db r )a' s ,. (5.5.4) 

These reductions in particular generate the kernel of the quotient Tg(A © (A<g>(dA)(g)A)) — » U B A, 
which takes the free module spanned by our monomials to the desired quotient £l B A. So, our result 
follows once we demonstrate that, whenever two different reductions are possible, then the results 
of both reductions have a common reduction. We briefly (and somewhat informally) explain how 
to prove this in the following paragraphs. 

If the two relations that can be applied are both of type (|5,5.3p . then this is equivalent to the 
well-known fact that 0,'A = A(&(A/h)® ' . It also is easy to check directly: the only difficulty is the 
case where the da^, term involved in both reductions is the same, i.e., 

(da' s , )a' s , a' s , = (da' s , ) ^ A^a' s , + (da' s , )A, 

and here the reduction on the right yields the same result as the reduction on the left (pulling the 
a' i under the differential) followed by a second reduction (for the element a' ,). 

If the two relations that can be applied are both of type (|5.5.4p . then the statement follows 
because both have the common reduction in which the element(s) da', da" involved in the reductions 
are re-expressed by writing a', a" as a i?-linear combination of elements a',, and pulling out all of 
the B-coefficients using (|5.5.4p . 

Finally, if a monomial can be reduced using either (|5.5,3p or ()5.5.4p . then the only difficulty would 
be the case where the da' term involved in both reductions is the same. Then, the claim follows 
since the rightmost terms of the following two chains of maps are identical (we omit subscripts for 
readability) : 

d{ba')a" i— » {d{ba'a")-ba'd{a")) .— » (bd{a'a") + (db)a'a" - ba'd(a")) 

= bd(a'a") - ba'd(a") + (db)a'a", 

d{ba')a" i— » (6d(a')a" + (d6)a'a") i— » (6d(a'a") - 6a'da" + (d6)a'a"). 

The above may be easily modified to deal with the case that ba' -< a' using the reduction 6(da') i— > 
d(ba!) — (dft)a', and similarly, if ba! a!' -< a' a", using the reduction bd(a'a") t—> d(ba'a") — (db)a'a". □ 
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It is instructive, for the proof of Theorem 14.3.11 presented below, to have in mind the situation 
of Remark 14.3.61 where B = k[xi, . . . , a? n ] and A = (Aq\x\, . . . , x n J, *)■ Then, {a s } is a k-basis of 
Aq, and the (topologically-free version of the) Lemma 15.5.1 1 becomes more obvious. 

Remark 5.5.5. More generally, given an arbitrary regular commutative algebra B and a maximal 
ideal m C B, taking the m-adic completions A m and B m reduces to the above situation. 

Completion of the proof of Theorem \4-3.1\ We take B as a ground ring and apply Theorem 14.2.21 
(which applies over any commutative base ring containing k). We deduce that 

H^fp&kfat-^AiB^kfat- 1 ], d + t» A ) = HP? (A), VieZ. 

Now Lemma [5.5.11 implies that the map in (|4.3.3|) is an isomorphism, since the basis for Q B A as 
a free Q' (-B)-module is also a basis for the associated graded gr^ Q B A, and a 5-module basis for 
Q'(A; B) = gr*p Q B A. The construction of the Gauss-Manin connection given in N4.3I completes the 
proof of the theorem. □ 



Proof of Corollary \4- 3. 1 . We only need to show that, in the present setting, the map in (|4.3.3j) is 



an isomorphism. For that, we observe that the argument used in the proof goes through provided 
that A is only topologically free over B, and our claim follows. □ 

6. The Representation functor 

6.1. Evaluation map. We fix a finite-dimensional k-vector space V. Set End := Endik(V'). For 
any affine schemes X, S, let X(S) = Hom(S,X) = Homj £ _ a |g(k[X], k[S\) denote the 5-points of X. 

Given an algebra A, we may consider the set Homi c _ a |g(^4, End) of all algebra maps p : A — > End. 
More precisely, to any finitely presented associative k-algebra A we associate an affine scheme of 
finite type over k, to be denoted Rep(A, V), such that Rep(A, V)(B) = B.omk- a \g(A, £?<g)End). That 
is, the i?-points of Rep(^4, V) correspond to families of representations of A parameterized by 
Speci?. Write k[Rep(A, V)] for the coordinate ring of the affine scheme Rep(^4, V), which will be 
always assumed to be non-empty. 

The tensor product End(8)k[Rep(A, V)] is an associative algebra of polynomial maps Rep(A, V) — » 
End. To each element a 6 A, we associate the element a € End(g)k[Rep(yl, V)], which on the 
level of points, has the form a : Hep(A,V)(B) — > End(8)-B, a{p) = p{a). This yields an algebra 
homomorphism, called the evaluation map ev : A — > End®k[Rep(A, V)], a^a. 



6.2. Extended de Rham complex and equivariant cohomology. Let X be an arbitrary 
scheme with structure sheaf Ox, tangent sheaf £?x '■= Der(Ox)Cx), and sheaf of Kahler dif- 
ferentials Q x . We write ^*(X) for the Lie algebra of global sections of the sheaf £?x-, an d 
Q'(X) = r(X, l\' 0x ^l l x ) for the DG algebra of differential forms, equipped with the de Rham 
differential. 

Let g be a finite-dimensional Lie algebra, and let q act on k[g], the polynomial algebra on the 
vector space g, by the adjoint action. We view k[fl] as an even- graded algebra such that the vector 
space of linear functions on g is assigned degree 2. 

Given a Lie algebra map q — > J?(X), en e , we get a g-action u) i— > L-^lo on D,'(X), by the Lie 
derivative. This makes the tensor product Q'(X, g) := Q'(X) ® k[g] a graded algebra, equipped 
with the total grading and with the g-diagonal action. Let i-^ denote the contraction. Then, set 

d s : ff(X, g) — ► rf +1 (X, g), u®f ^ J2 r=1 ^e^MK •/)> (6-2.1) 

where {e r } and {e*} stand for dual bases of g and g*, respectively. This map restricts to a differential 
d s on D,'(X, g) 9 , the graded subalgebra of g-diagonal invariants. 
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Definition 6.2.2. A differential form u € £l'(X) is called basic if, for any e £ g, both L-»cj = 
and i — iv = 0. Basic forms form a subcomplex ^b as ; c (^0 ^'(^0 °f the de Rham complex. 
Furthermore, define the q- equivariant algebraic de Rham complex of X to be the complex 

(n-(X, q) s , cfo R + d g ), d DR := d®id m . (6.2.3) 

We now return to the setup of §6.1 1 Thus we fix a finitely-presented algebra A, a finite- 
dimensional vector space V, and consider the scheme Rep(A, V). 

Let G = Gh(V). This is an algebraic group over k that acts naturally on the algebra End by 
inner automorphisms, via conjugation. Hence, given an algebra homomorphism p : A — > End and 
g £ G(k), we may define a conjugate homomorphism g(p) : a i— > g ■ p(a) ■ g . Then, the action 
p i— > makes Rep(A, F) a G-scheme (extending in the obvious way to .B-valued representations 
for any B). 

Let q := Lie G be the Lie algebra of G. The action of G on Rep(^4, V) induces a Lie algebra map 

act a : — > £?(Rep(A, V)), x\ — > x = act^(a;). (6.2.4) 

Thus, we may consider fT (Rep(vl, V), g) , the corresponding g-equivariant algebraic de Rham 
complex. 

Now, thanks to Lemma l3.4.1( ii). the map d + i& '■ DR^A — > DR^A, squares to zero. We call 
the resulting complex (DR t A, d + «a) the noncommutative equivariant de Rham complex. The first 
isomorphism of the following theorem, which is the main result of this section, shows that this 
complex is indeed a noncommutative analogue of the equivariant de Rham differential (I6,2,3|) . 

Recall the operator N from (|5.2.2j) . 

Theorem 6.2.5. The evaluation map induces the following canonical morphisms of complexes: 

(H.(A,A), B) (n- basic (Re V (A,V)), (N + l)»d M ), and (6.2.6) 
(DR;A d + i A ) -ZU (n-(Rep(A,V), q) s , d DR + d s ). (6.2.7) 
We begin the proof with some general constructions. 

6.3. Evaluation map on differential forms. Observe that giving an algebra homomorphism 
p : k[t] — > i?®End amounts to specifying an arbitrary element x = p(t) £ 5® End. Thus, we have 
Rep(k[t],V)(B) = B® End. 

Similarly, for any algebra A, giving an algebra morphism p : A * k[i] — > £?(g)End amounts to 
giving a homomorphism A — > 5(g>End and an arbitrary additional element x = /o(t) G S®End. 
We see that Rep(A t , V) = Rep(A, V) x Rep(k[i], V). Let ir denote the second projection, which is 
G-equi variant. We will use shorthand notation 

Rep 4 := Rep(A t , V) = Rep(A, V) x Rep(k[i], V), and Rep := Rep(A, V). 

Let f2^.(Rep t ) be the DG algebra of relative (with respect to it) algebraic differential forms on 
the scheme Rep t (in the ordinary sense of commutative algebraic geometry). By definition, we have 

ft;(Re Pi ) := A^ [Rept] ^(Rep t ) ^fi-(Rep)®k[Rep(k[t],F)]. (6.3.1) 

Generalizing the construction of §6-H we now introduce an evaluation map on relative differential 
forms. In more detail, given n = 0, 1,2, . . ., write m : End®^ n+1 - ) — > End for the n-fold multiplication 
map. We define a map ev n as the following composite: 

n£ [t] (A t ) =A t ® (A t /k[t])® n ™ (End®k[Rep t ]) ® (End®^(Rep t )) 0n 

o i 1 s , , „ TTOglld 

- End^ +1 ^(g)(A^ [Rept] fii(Rep t )) ► End^(Rep t ). 

18 



Any element in the image of this composite is easily seen to be G-invariant with respect to the 
G-diagonal action on End®fi™(Rep t ). Thus, the composite above yields a well-defined, canonical 
DG algebra map 

ev n : Q t A — > (End®r^ r (Rep i )) G , a = ao dai . . . da n i— > 2 = ao ^ D r^i • • • d DB a n . 
Furthermore, we have the linear function Tr : End — > k, x i— > Tr(x). We form the composite 

ev„ , . r< Tr (gild „ . /-i „ 

fl t A — *V (End®fi;(Rep t )) ► (k®n;(Rep t )) = fi;(Rep t ) G , a^Tra. (6.3.2) 

The above composite clearly commutes with the de Rham differentials. Furthermore, it van- 
ishes on the (graded) commutator space [fit A, fit] C fit-A, due to symmetry of the trace function. 
Therefore, the map in (|6.3.2j) descends to DR'(fifA). 

We remark next that the Lie algebra g = Lie G is nothing but the associative algebra End viewed 
as a Lie algebra. Hence, using the isomorphisms in (|6,3.ip . we can write 

0;(Rep t ) = fi'(Rep)®k[Rep(k[i],y)] = fi'(Rep)®k[g] = ft' (Rep, g). 

Thus, by the definition of the extended de Rham complex, DK' t A, the composite in (|6.3.2p gives a 
map 

(Id® Tr)o ev n : BR;A — ► fi;(Re Pi ) G = fi'(Rep, g) . (6.3.3) 



6.4. Proof of Theorem 16.2.51 It is clear that d is clearly taken to d DR under (|6.3.3p . Hence, 
proving (16,2.7p . where the map 'ev' stands for (Id®Tr)° ev n , amounts to showing commutativity 
of the diagram 



(Id®Tr) o ev„ 

BR t A — fi(Rep, )8 



(6.4.1) 



'A 



(Id<g>Tr) o ev„ 

BR t A fi(Rep, g)0. 



To see this, we note that, for any ao, . . . ,a n E At, 

n 

ev n oi A [a da 1 da 2 . . . da n ] = (Id®Tr)f^a d DR ai . . . d DR a^i \t,a,i] d DR a m . . .d DR a n J. (6.4.2) 



i=l 



Next, note that t may be identified with the element Id E g®g* = Ending* C End®k[g]. Further- 
more, for any element e E g and any s E k[Rep(A, K)]® End, we evidently have i-^(ds) = ade(s) = 
[(l®e),s]. As a consequence, by (|6.2.ip . we obtain that the RHS of (|6.4.2p may be identified with 
d g ((Id® Tr)(aodai . . . da n )), as desired. 

To prove (|6,2.6p . ev becomes the restriction of (Id® Tr) ° ev n to ker(zA) C fi'(Rep) (recall 
Theorem 14.1 . 1 j) . Commutativity of (|6.4.ip together with Theorem 14.1.11 immediately gives that 
this induces a morphism H.(A,A) — > £l' basic (Tlep(A, V)). It remains only to show that B is carried 
to (N + l)d. To see this, we use the harmonic decomposition (j5.2.1|) . Under the quotient fi* A —» 
DR'A/k (considering k to be the span of the image of 1 E A), P^fi is killed, so the differential B 
is carried to (N + l)d DR . Thus, on DR'^4, the differential B must reduce to the same as (N + l)d up 
to a scalar. However, since B has degree +1, the scalar must be zero. So B = (N + l)d on DR'A 
Thus, the same is true after passing to ker(zA). 
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7. Free products and deformations 



7.1. First order deformations based on free products. Recall that, given an associative 
algebra A, we let At = A* k[t] and write / = Af = (t) C At for the augmentation ideal. 

A first order free product deformation of an associative algebra A is the structure of an associative 
algebra on the vector space A t /I 2 that makes the vector space I /I 2 C A t /I 2 a two-sided ideal and 
that makes the natural bijection below an algebra isomorphism, 

(A t /I 2 )/(I/I 2 ) = A t /I * A. 

It is convenient to identify the vector space At/I 2 with A © (A® A), using (ll.3.2j) . Thus, we are 
interested in associative products on the vector space A © (A® A) that have the following form: 

-k „ 

(u®(v!®u )) x (y®(v ®v")) uv © [u'®u v + uv'®v" + 0(u, v)) , (7.1.1) 

where (5 : A x A — > A® A is a certain Ik-bilinear map. 

These products are taken up to an equivalence. Specifically, for any k-linear map / : A — > A® A, 
we define a linear bijection 

/ : A © (il(g)^4) — > A® (A® A), u © (u'®u") i — ► it © (u'®u" + /(it)). 

Given a product *„ and a map /, we define a new product by transporting the structure via /, that 

is, by the formula x* y := f l {f{x) *- f(y)). We say that the products * 7 and are equivalent. 
A routine calculation, completely analogous to the classical one due to Gerstenhaber, now yields: 

• A first product ★„ as in (|7.1.1f) is associative f3 € C 2 (A, A® A) is a Hochschild 2-cocycle 
with coefficients in A®A. 

• The products and * 7 corresponding to 2-cochains (3 and 7 are equivalent <^=^> (3 — 7 is a 
Hochschild coboundary. 

Thus, similarly to the classical theory, we obtain a classification of first order star product defor- 
mations in terms of Hochschild cohomology as follows 

Proposition 7.1.2. Equivalence classes of associative products, as in ()7.1.1[) . are in one-to-one 
correspondence with the elements ofH 2 (A,A®A), the second Hochschild cohomology group of the 
A-bimodule A®A. □ 

To study higher order free product deformations, we have to introduce first some new operations 
on Hochschild cohomology, to be defined below. 

7.2. For any algebra A, the natural imbedding A > At makes At a graded ^4-bimodule. Using 
the identification (|2.3.ip . we may write At = ©fc>i^® fc - Here, the summand A® k is assigned 
grade degree 2k — 2 and is equipped with the outer ^4-bimodule structure defined by the formula 
b(a'®u®a")c := (ba')®u®(a"c), for any a', a", b,c£ A and u G A®( k ~ 2 \ 

Let C'(A,At) = (J) p fe>i C P (A, A® k ) be the Hochschild cochain complex with coefficients in the 
A-bimodule Af. Multiplication in the algebra At induces, for any p,q,k,m > 1, a cup-product 

U : C p {A,A® k ) x C q {A,A® m ) — ► C p+q (A, A^ k+m '^), 

This way, C'(A,A t ) acquires the structure of a bigraded associative algebra such that the direct 
summand C P (A, A® k ) is assigned bidegree (p,2k — 2). 

Next, on C'(A, At), we introduce a pair of new binary operations, h and H : 

C p {A,A® k ) x C q {A,A® m ) — > c p+q - l {A,A® {k+m -^), 

(f,g)^f^g:=f [1 ' p] °g [p > p+q - 1] , and (f,g)»f^g:=g [k ' k+q - l] °f [1 ' p] , 
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where denotes applying / to the consecutive components i,i + l,i + 2, . . . , j, that is, 

f^ l 'i\ai® . . . igiae) = ai<8> . . . ®aj_i(8)/(ai® . . . <g>aj)®aj + i® . . . ®a e . 

Proposition 7.2.1. (i) The operation / Vy := / h y — f H g and Hochschild differential b give 
the space C(A, A t )>2 '■= @ p k>2 C P (A, A® k ) the structure of an associative DG algebra, i.e., 

fV(gVh) = (fVg)Vh, (7.2.2) 
b(/ V g) = (bf ) V g + (-If l f V (by) V/ € C*>(A A® fc ). (7.2.3) 

(ii) The cup product U is associative and induces the zero map on cohomology: 
H p (A,A® k )®H q (A,A® m ) U= ° ) HP+i(A,A^ k+m - 1 ) Vp,q>l whenever k>2 or m > 2. 

(iii) We have the following compatibility identities: 

(fUg)Vh = fU(gVh), f V (y U h) = (/ V g) U /i. (7.2.4) 

Proof. We note the following identities (for any x,y,z): 

x \- (y \- z) = (x h y) \- z, x H (y H z) = (x H y) H z, 
x h (y H z) = (x h y) H z, x H (y h z) = (x H y) h 2. 

The first set of identities is fairly obvious from the definition, and the second follows because, since 
y <E C p '{A,A® k ') for p', k' > 2, x (on the left) and z (on the right) are always applied to disjoint 
sets of consecutive components. This is all we need to prove the associativity (|7.2.2p . In fact, H 
and h are mutually associative (|7.2.7p . 

To prove the DG property (|7.2.3p . we show the following two identities: 

(bf h y) + (-If V I- by) = b(/ h y) + (-l) p+1 / U y, (7.2.5) 
(b/ H y) + (-iy-\f H by) = b(/ H y) + (-If 1 / U y. (7.2.6) 

Actually, in (|7.2.5p . we only need m > 2, and in (|7.2.6p . we only need k > 2. 

We show only (|7.2.5p . as the other identity is the same verification. Write m : A® A — > A for the 
multiplication map. We compute 

((bf h y) + (-If *(/ h bg))(ai® . . . ®a p+g ) = oi(/ h g)[a 2 ® ■ ■ ■ ®a P+q ) 

p+q-l 

+ (-if * +1 (/ h y)( ai . . . ®a p+ ,_i)a p+ , + (-l) m+ 7 U y + £ (-1)* (/ h s).m'' i+1 

i=i 

Finally, part (iii) of the proposition follows from Proposition I7.2.8l fii) below. □ 

For each n > 1, we may introduce an operad, As^ n \ generated by n binary operations, *j, i = 
1, . . . , n, subject to the following relations of pairwise mutual associativity (considered also by J.-L. 
Loday): 

a*i (b-kj c) = (a*j b) -kj c, Vi, j = 1, ... ,n. (7.2.7) 

Proposition 7.2.8. (i) Eac/i o/ £/ie operads As^ 2 ' and As™ is Koszul and self-dual, (see [GKJ 
/or a definition). 

(ii) T/ie operations (V, U) and (h, H, U) make C(A, A^~)>2 an As^- and an As^ -algebra, re- 
spectively. 
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Sketch of Proof. It is easy to see, as in the associative case, that the quadratic dual of As^ is itself 
and similarly for As^ . Next we prove that our operads are Koszul. To see this, we use the same 
proof as in the associative case [GKJ, [MSSJ. Specifically, we show that the operadic homology 
of the free As^ or As^-algebra vanishes in degrees > 2. To this end, we split up the operadic 
homology complexes for As^ and As^ into direct sums of pieces corresponding to particular 
sequences of operations, e.g., (*,*) would consist of terms that multiply out to a sum of terms of 
the form a*b-kc. Each such has the vanishing homology property by the same proof as in the usual 
case of Hochschild homology of a free associative algebra; see |Lo|, §3.1]. 
Next, it is straightforward to verify the following identities: 

x h (y U z) = (x h y) U z, x H (y U z) = (x H y) U z, 

(x U y) h z = x U (y h z), (x U y) H z = x U (y H z). 

This yields part (ii), and also implies the identities in (|7.2.4p , □ 

7.3. Infinite order deformations. In the classical theory, an infinite order formal deformation 
of an algebra A with multiplication map m : A x A — > ^4 is a formally associative star-product 

a* a! = m(a, a') + t/3^ 1 ' (a, a') + t 2 ^ (2) (a,a') + ... G A{tJ, (3^ G C 2 (A,A), k>l. (7.3.1) 

Given such a star-product, we extend the formal series m + t(3^ + t 2 [3^ + . . . G ^2 t k C 2 (A, A) 
= C 2 (A, Aft]), by k[t] -bilinear ity, to obtain a continuous cochain (3 G C^™ (Aft}, Alt}). 

With an appropriate equivalence relation on the set of associative star-products, one has the 
following well-known result. 

Proposition 7.3.2. Equivalence classes of associative star products (17.3. lj) are in one-to-one cor- 
respondence with gauge equivalence classes in the set of solutions of the following Maurer-Cartan 
equation 

{(3 G C 2 m (A{tlAltj) | t-b m (/3) + l/2{(3,P} A[t} = 0}. □ 

To consider free product deformations of an algebra A, let A t := Y\k>o ^? — Ilm>i A® m be the 
completion of the free product algebra A t in the t-adic topology, and write Af := Y\k>i A 2k for 
the corresponding augmentation ideal. 

An infinite order free product deformation of A is, by definition, a formally associative star- 
product of the form 

a* a' = aa! + (3 (1) (a,a') + (3 (2) {a,a') + . . . , ^eC 2 (A,A 2k ). (7.3.3) 

In more detail, given an arbitrary sequence (3^ G C 2 (A, A 2k ), k = 1,2,..., of 2-cochains, we 
first extend each map (3^ to a k[t] -bilinear map given by the formula 

(3^ : (aita 2 t . . . ta m ) x (pit . . . tb n ) i — > a\t . . . ta m -itf3(a m ®bi)tb2t . . . tb n . 

For any u, u' G A t , the corresponding formal series uu' + (3[ l \u,u') + ^^(u^u 1 ) + . . . clearly 
converges in Ap In this way, we obtain a well defined and continuous k[t]-bilinear map AtxAt — > At, 
that can be uniquely extended, by continuity, to a map f3 : A t x A t — > A t . We are interested in 
those star-products (|7.3.3p which give rise to an associative product 0, on A t . 

We define a natural equivalence relation on such star-products as follows. Given a sequence of 
1-cochains f^ G C l (A, A 2k ), k = 1, 2, . . ., using (ll.2.4p . we construct similarly a continuous map 

/ = Id + f[ l) + ff ) + . . . : A t -»■ A t . Furthermore, given any star-product -k g , we define a new star 
product by the formula a* 7 a' := f l {f{a) * /(«'))• We say that the star-products * 7 and * are 
equivalent. 
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Given a star-product (|7.3.3j) . we form /3 := m + /?W + p( 2 ) + ... g C 2 (A, Af), an associated 
2-cochain. We further define gauge equivalence of chains to be infinitesimally generated by the 
following C 1 (A, A^~)-action: : j3 i— > • /3, where 

^ • /3(ai(8»o 2 ) = <j)(ai)a 2 + ai^(a 2 ) - <X a i a 2) + /3'(</>(ai)<g>a 2 ) + /3'(ai<80(a 2 )) - </>t°/?'(ai<S>a 2 ). 

Here, ^ is defined according to formula (jl,2.4p . and we put 

/3'(ai* . . . ta m ®cit . . . tc n ) = ait . . . ia m _ii(/?(a m (g)ci))ic 2 i . . . tc n . 

The following result provides a cohomological description of free product deformations, similar 
to the one given in Proposition 17.3.21 (below, b stands for the Hochschild differential). 

Theorem 7.3.4. (i) Linear maps in ()7.3.3[) define an associative product on At iff the Maurer- 
Cartan equation, 

HP) + \ P V P = 0, holds for := + /3 (2) + . . . G C 2 (A, A+). (7.3.5) 
(ii) Star products are equivalent iff the solutions of the equation (|7.3.5p are gauge- equivalent. 
Proof. In this proof (only) we temporarily change our notation and given 

p( m ) € c 2 {A,A® m+1 ), 

write (3% € C 3 (A,A® m+2 ) for the map a<g>6®c ■-> (3( m \a, b)®c, etc. 

It is easy to see that it suffices to check associativity on ^4® 3 , namely that (a * b) * c = a * (b ★ c) 
for all a,b,c G A. This is equivalent to the following (similar to (17,l.ip ). for all p > 2: 

j3 p (a®bc) + aj3 p {b®c) + ^ °/5 23 (a®6®c) 

m+n=p 

= /3 p (a6(g)c)+/? p (a®5)c+ ^ /3™' m+1 (a«>&<S>c). (7.3.6) 

m+n=p 

which is the Maurer-Cartan equation (|7,3.5p . Part (ii) is then not difficult to verify. □ 

Below, we summarize a few basic properties of free product deformations which are entirely 
analogous to the well-known properties of ordinary 1-parameter formal deformations: 

(1) First order free product deformations are classified by H 2 {A, A® A). 

(2) The obstruction to extending a first-order deformation to second order lives in H 3 (A, A® 3 ). 

(3) Let * n be an associative product on A/(Af) n+1 of the form 

n 

a* n b = ab+Y,P (m) (a®b), f3 {m) G C 2 {A, A m+1 ) = C 2 {A, A 2m ). (7.3.7) 

m=l 

There is an obstruction in H 3 (A, A® n+1 ) to the existence of /3^ n+1 ^ G C 2 (A, ^®(™+ 2 )), such 
that the formula a * n+1 b := a * n b + gives an associative product on A/(t) n+ . 

Explicitly, the condition on /?( n+1 ) reads 

b/3 (n+i) = p®vpW. (7.3.8) 

i+j— l=n+l 

(4) If the obstruction in (3) vanishes then, the space of possible /3( n+1 ) (up to equivalence of 
the resulting star product, * + /3 (n+1) modulo (t) n+2 ), is H 2 (A, A^ n+2 ^). 

Proof. In degrees n = 1,2, the Maurer-Cartan equation (|7.3.8p says that 

bl3 (1) = 0, and b/3 (2) = V 

Using wefindb(/3Wv/3W) = (b/3«) V/?W + / g(i) v (b/3«) =0 + = 0. This yields (l)-(2). 

23 



In general, if we have ■ ■ ■ ,^ n ' satisfying the Maurer-Cartan conditions up to 0(t n+1 ) (i.e., 
bf3 (m) = Y, i+j _ 1=m V /#) for m<n), then we consider b of the RHS of (17X81) : 

^2 b W {i) V/3 (i) ) = Yl [(b/3 (i) ) V/? (i) V(b/3^)] 

j+j— l=n+l i+j— l=n+l 

V V - V (00) V /3 (fc) )] = 0, 

i+j+fc-2=n+l 

where we have used both (|7.2.3|) and (|7.2.2p . Thus, the RHS is indeed a Hochschild 3-cocycle. 
Thus, if this represents the zero class of H S (A, A® n+1 ) (i.e., it is a Hochschild 3-coboundary), then 
the space of choices of is the space of Hochschild 2-cocycles. Furthermore, we have the 

freedom of conjugating by automorphisms 4> '■ A ~ ► A of the form <f) = Id + (f)' as follows: 

-1 (0(a)*0(6)) =a*6 + 0'(a)6 + a0'(6)-0'(ab) (mod (i)™ +2 ). 

We conclude that the space of /3^ n+1 ^'s, taken up to equivalence of the obtained star product on 
A/(t) n+2 , is H 2 (A,A® n+2 ). □ 



7.4. Deformations of NCCI algebras. It will be convenient below to work in a slightly more 
general setting of deformations that are not necessarily written in the form of a star product. 

To define such deformations, fix an augmented (not necessarily commutative) associative algebra 
R, and let R + C R the augmentation ideal. Given an algebra A and an algebra imbedding R > A, 
write (R + ) C A for the two-sided ideal in A generated by R + . We will view R and A as filtered 
algebras equipped with the i? + -adic and (i? + )-adic descending nitrations, resp., and let gr R and 
gr R A denote the associated graded algebras. Thus, there is a canonical algebra map gr R — > gr R A. 

Given an algebra A and an algebra isomorphism <f> ■ A/(R + ) A A, we say that A is a deformation 
of A over R. We may view A as a graded algebra concentrated in degree zero. 

Definition 7.4.1. The deformation A of A over R is said to be a flat /ree product formal deformation 
if the algebra A is complete in the (i2 + )-adic topology, and the maps _1 : A — > A/(R + ) and 
gr R — > gr^j yl induce a graded algebra isomorphism 

A*gri? A gr fl A (7.4.2) 

Now, fix V, a Z + -graded finite dimensional vector space, and let F := TV. Let L C Ty 
be a finite-dimensional vector subspace. Assuming certain favorable conditions, we can describe 
the equivalence classes of all infinite order free product deformations of an algebra of the form 
A = Fj (L) quite explicitly. 

To explain this, write Ft for the standard completion of the algebra Ft = (TV) *k[t] and F^~ C Ft 
for the augmentation ideal. Given any linear map cf> : L — > F^, we introduce a k[t]-algebra 

Acj, := F t /(x - <f>(x)) xeL . (7.4.3) 

It is clear that the projection Ft -» Ft/F^~ = F induces an algebra isomorphism A^/it) ^> A. 

Thus, we may view the algebra A$ as a 1-parameter infinite order free product deformation of A. 
This deformation is not necessarily flat, in general, i.e., the corresponding map (|7.4.2p for A = A^ 
may fail to be an isomorphism. 

To formulate a sufficient condition for flatness, we recall the notion of a noncommutative complete 
intersection (NCCI), see |EGj . An algebra of the form A = TV/(L) is said to be an NCCI if the 
two-sided ideal J := (L) has the property that J/ J 2 is projective as an A®A op -module. Moreover, 
such a linear subspace L C TV is called minimal if L n J 2 = 0, or equivalently, L has minimal 
dimension (assuming J is finitely-generated). 
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An NCCI algebra A is known to have Hochschild dimension < 2, so that H 3 (A, A® A) = [EG]. 
Thus, free product deformations of A are unobstructed. Moreover, we have 

Proposition 7.4.4. Let A = TV/(L) be an NCCI, with L C TV minimal, and let <p : L — > be 
a linear map. Then, 

(i) The deformation A^ defined in (|7.4.3p is flat. 

(ii) Any flat 1-parameter infinite order free product deformation of A is equivalent to a defor- 
mation of the form A^ for an appropriate map <j). 

(iii) Two deformations A^ and A,^ associated, respectively, to linear maps <f>, ip G Hom^L, F^), 
are equivalent iff there exists a linear map f : V — > Af , such that 

7ro((£-<0) = @ f \ L . (7.4.5) 

In the last formula, we have used the notation -ir : Ft -» At for the canonical quotient map and, 
given a linear map / : V — ► Af , write 

n 

@f(viv 2 ■■■v n ) := ^7r(vi?;2 • ■■v i - 1 )@f(vi)ir(v i+ i • ••«„), Vui, ...,v n eV. 
i=i 

Remark 7.4.6. Our proof below shows that, in the case where the image of the map <f> is contained 
in the subalgebra F t C F t , we may replace the algebra A^, in (|7.4.3p . by F t /(x — 4>(x)) x< =l, its 
non-completed counterpart. In this way, we obtain an genuine, rather than merely a 'formal', flat 
free product deformation of A. 

Proof of Proposition \7.4~m (i) By the inductive argument of \Sch\ Proposition 4.2.1], one may 
show that the NCCI property is equivalent to the statement that the canonical surjection gr/ L \F — » 
A * L is an isomorphism. Thus, we conclude that the surjection At -» gr^-A^ is an isomorphism. 
It follows that A^ is a flat free product deformation of A over k[i]. 

(ii) For an NCCI algebra, there is a standard Anick's free resolution of A as an A-bimodule [An]: 

-> A&L&A -> A®V®A -> A® A -» A -> 0, (7.4.7) 

where the first map is the restriction to L of the map 

n 

a®{v\V2 ■ ■ ■ v n )®b i — > ^ at>i • . . . ■ Ui_i<8)«i<8>Vi+i • • • v n b, G V, 
i=l 

and the second map has the form a®v®b i— ► av<g>b — a®vb. 

One may use Anick's resolution to compute Hochschild cohomology. We see in particular that 
the group H 2 (A, A<S>A) is a quotient of Hom(L,A®A). Now let A^ be the deformation associated 
with <f> G Hom(L, i^ + ). Then, it is easy to check that the element of H 2 (A, A® A) corresponding to 
the induced first-order deformation A^/it) 2 is represented by the composite 

L _> p+ _» F+/(F+) 2 = F®F -» A<g>A, 

of the map followed by two natural projections (cf. [CBEG, Lemma 10.2.1]). 

Furthermore, by the inductive description of all possible star-products in §7.31 the deformations 
must exhaust all possible deformations (note that all possible classes of H 2 (A, A® m ) at every 
step of the way are attained, which is as it must be, since H 3 (A, A<S>A) = 0). 

(iii) At the first-order stage, we see from Anick's resolution (|7.4.7p that two elements of the space 
Honi£.(L, A® A) yield the same cohomology class in H 2 (A, A® A) iff they differ by @f from condition 
(I7X5|) modulo (t) 2 , for some /. Also, since if 1 (A, A® A) = 0, it follows as in the classical setting 
that there are no nontrivial gauge-equivalence relations. Hence, by the inductive construction of 
all free-product deformations from §7.31 we deduce the desired result. □ 
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Remark 7.4.8. (i) In general, given an arbitrary algebra A such that H S (A, A® A) = 0, one 
can show that there exists a 'versal' free product deformations of A. The base of such a versal 
deformation is a completed tensor algebra of the vector space H* , where H := H 2 (A, A® A). 

(ii) Proposition 17.4.41 may be generalized easily to the case where the ground field k is replaced 
by a ground ring R, a finite dimensional semisimple k-algebra, as in [EGJ. Such a generalized 
version of Proposition 17.4.41 applies to preprojective algebras of non Dynkin quivers, in particular. 
Thus the proposition may be viewed as a generalization of [CBEG], Theorem 10.1.3. 

(iii) Let tti(X) be the fundamental group of a compact oriented Riemann surface X of genus > 1. 
The group algebra k[7Ti(X)] may be thought of as a multiplicative analogue of the preprojective 
algebra of a non-Dynkin quiver (being non-Dynkin corresponds to the condition that the Euler 
characteristic of X be nonpositive). Accordingly, there is a similar construction of free product 
deformations of the group algebra as follows. 

Let g be the genus of X, and write oi, . . . , a g , &i, . . . , b g for the standard loops around the handles, 
which generate tti(X). The group tti(X) is the quotient of T, the free group generated by the letters 
Oj, bi, by the normal subgroup generated by the following element: 

7 := (aiM^&f 1 ) • . . . • (agbga^bg 1 ) € T. 

To construct free product deformations of the group algebra k[7Ti(X)], we put F := k[T]. The 
algebra F is a 'multiplicative analogue' of a free algebra. To any element n£l + F^~ , we associate 
an algebra A u := F t /(-f — u). 

There is a 'multiplicative analogue' of Proposition 17.4.41 saying that the algebra A u gives a 
flat free-product deformation of the group algebra k[-7Ti(X)], and moreover that these are all 
such deformations up to equivalence. One may prove this result by using the fact that the 
prounipotent completion of k[7Ti(X)] is isomorphic to a completion of an algebra of the form 
k(xi,.. .,xg,yt, . . .,y g )/([xi,yi] + ... + [x g ,y g ]). 

This example may be generalized to the situation of orbifold surfaces of nonpositive Euler char- 
acteristic (the latter are also NCCI algebras). 
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